Abstract. We show that for a large space of volume preserving partially hyperbolic diffeomorphisms of the 3-torus with non-compact central leaves the central foliation generically is non-absolutely continuous.
Introduction
Let M be a smooth Riemannian manifold. In this paper we will consider continuous foliations of M with smooth leaves. A continuous foliation W with smooth leaves W(x), x ∈ M , is a foliation given by continuous charts whose leaves are smoothly immersed and whose tangent distribution T W is continuous on M . Riemannian metric induces volume m on M as well as volume on the leaves of W. Following Shub and Wilkinson [SW00] we call such foliation W pathological if there is a full volume set on M which meets every leaf of the foliation on a set of leafvolume zero. Due to Fubini Theorem, smooth foliations cannot be pathological, but continuous foliations might happen to be pathological. This phenomenon naturally appears for central foliations of partially hyperbolic diffeomorphisms and is also known as "Fubini's nightmare." A diffeomorphism f is called partially hyperbolic if the tangent bundle T M splits into a Df -invariant direct sum of exponentially contracting stable bundle, exponentially expanding unstable bundle and the central bundle of intermediate growth (precise definitions appear in the next section).
First example of a pathological foliation was constructed by Katok and it was circulating in dynamics community since eighties. Katok suggested to consider one parameter family {A t , t ∈ R/Z} of area-preserving Anosov diffeomorphisms C 1 -close to a hyperbolic automorphism A of the 2-torus. By Hirsch-Pugh-Shub Theorem diffeomorphism F (x, t) = (A t (x), t) is partially hyperbolic with uniquely integrable central distribution. Then, under certain generic conditions (the metric entropy or periodic eigendata of A t should vary with t) on path A t , one can show that the central foliation by embedded circles is pathological. See [Pes04] , Section 7.4, or [HassP06] , Section 6, for detailed constructions with proofs.
A version of above construction on the square appeared in expository paper by Milnor [Mil97] . Milnor remarks that a different version of the construction, based on tent maps, has also been given by Yorke.
Shub and Wilkinson [SW00] came across the same phenomenon when looking for volume preserving non-uniformly hyperbolic systems in the neighborhood of F 0 : (x, t) → (A 0 (x), t). They have showed existence of C 1 -open set in the C 1 -neighborhood of F 0 with non-zero central exponent. Then one can argue that the Definition 1. A diffeomorphism f is called Anosov if there exists a Df -invariant splitting of the tangent bundle T M = E s f ⊕ E u f and constants λ < 1 and C > 0 such that for n > 0
Definition 2. A diffeomorphism f is called partially hyperbolic if there exists a Df -invariant splitting of the tangent bundle
The following definition is equivalent to the above one. We will switch between the definitions when convenient. 
.
This series converge and give a continuous positive density ρ x (·) on the leaf W u (x). Define pseudo-distanced u by integrating this densitỹ
Obviously, pseudo-distance is not even symmetric, still it is useful for computations as it satisfies the formulad
that is verified by the following simple computatioñ
A compact domain inside a leaf W σ (x) of a foliation W σ will be called plaque and will be denoted P σ . We will also write P σ (x) when we need to indicate dependence on the point.
Given a transversal T to W consider a compact domain X which is a union of plaques of W, that is X = ∪ x∈T P(x). Then by Rokhlin's Theorem there exists a unique system of conditional measures µ x , x ∈ T , such that for any continuous function ϕ on X
wherem is projection of m X to T .
Definition 4. Foliation W is called absolutely continuous with respect to the volume m if for any T and X as above the conditional densities µ x have L 1 densities with respect to the volume m P(x) form a. e. x. Now consider consider compact domain X as above and two transversal T 1 and T 2 so that X = ∪ x∈T1 P(x) = ∪ x∈T2 P(x) with the same system of plaques. Then the holonomy map p :
Definition 5. Foliation W is called transversally absolutely continuous if any p as above is absolutely continuous, that is p * m T1 is absolutely continuous with respect to m T2 .
Transverse absolute continuity is stronger property than absolute continuity. Stable and unstable foliations of Anosov and partially hyperbolic diffeomorphisms are known to be transversally absolutely continuous.
Formulation of the result
Let L be a hyperbolic automorphism of 3-torus T 3 with real eigenvalues ν, µ and λ, ν < 1 < µ < λ. Observe that L can be viewed as a partially hyperbolic diffeomorphism with L-invariant splitting
, where "wu" and "su" stand for "weak unstable" and "strong unstable".
Consider the space Diff
be the set of Anosov diffeomorphisms conjugate to L via a conjugacy homotopic to identity and that are also partially hyperbolic. It is known that U is C 1 -open (e.g., see [Pes04] , Theorem 3.6). Given [Hass94, PSW97] ). We will need the following statement that shows that the structure of weak unstable foliation is essentially linear. Proposition 1. Let f ∈ U and let h f be the conjugacy to the linear automorphism-
The proof will be given in the appendix. Remark. Since we know that W u is C 1 the letter is equivalent to W wu being nonabsolutely continuous on almost every plaque of W u with respect to the induced volume on the plaque. Now we describe set V. Given f ∈ U and given a periodic point x of period p let
Then set V can be characterized as follows.
V = {f ∈ U : there exist periodic points x and y with λ su (x) = λ su (y)}.
Proposition 2.
U\V = {f ∈ U : for any periodic point x λ su (x) = λ}.
We defer the proof to the appendix.
Outline of the proof
Clearly V is C 1 -open. Given a diffeomorphism f ∈ U\V we can compose it with a special diffeomorphism h that is C r -close to identity and equal to identity outside a small neighborhood of a fixed point so that strong unstable eigenvalue of f and h • f at the fixed point are different. This shows that V is C r -dense. To show that weak unstable foliations of diffeomorphisms from V are nonabsolutely continuous we start with some simple observations. First, notice that due to ergodicity conditional measures cannot have absolutely continuous and singular components simultaneously. Next, it follows from the absolute continuity of W 
Proofs
Let us begin with a useful observation. If one needs to show that W wu is Lipschitz in a plaque P u then it is sufficient to check Lipschitz property of the holonomy map for pairs of transversals that belong to a smooth family that foliates P u , e.g., plaques of W su . Therefore we can always assume that the transversals are plaques of W su .
Proof of Lemma 3. First assume that f ∈ U\V. Then Lipschitz property of W wu is shown below by a standard argument that uses Livshits Theorem. Let T 1 and T 2 be two local leaves of W su in a plaque P u and let p : T 1 → T 2 be the holonomy along W wu . For x, y ∈ T 1 with d su (x, y) ≥ 1 the Lipschitz property
follows from compactness. For x and y close to each other we may used su rather than d su sinced su is given by an integral of a continuous density. Theñ
where n is chosen so that
. The Lipschitz estimate follows since according to the Livshits Theorem D su f is cohomologous to λ and therefore the product term equals to
for some positive continuous transfer function F .
Remark. A technical point here. Note that it might happen that f n (x) and f n (p(x)) are far from each other on W wu (f n (x)). Hence we need (1) with uniform C not only on plaques P u of bounded size but also on plaques that are long in weak unstable direction. In this case (1) cannot be guaranteed solely by compactness but easily follows from Proposition 1. Next we choose periodic points a and b such that
This is possible if δ is small enough. From now on δ will be fixed. Constant γ does not depend on our choice of a and b and hence δ. It will be introduced later.
Denote by n 0 the least common period of a and b. Takeã ∈ W su (a) such that Take
Our goal now is to show that the ratiod
can be arbitrarily small which would imply that W su is not Lipschitz. Note that we cannot take a smaller N since f −1 -orbit of c has to come to a local plaque about a.
Remark. We used su for convenience. Somewhat messier estimates go through if one uses d su directly.
To estimate the denominator we split the orbit {c, f −1 (c), . . . f −n0N (c)} into two segments of lengths N 1 and N 2 , N 1 + N 2 = n 0 N . Choose N 1 such that
is still small enough to provide the estimate on the strong unstable derivative
The remaining derivatives will be estimated boldly
-we see that there exists β = β(α, ν − , µ − ) which is independent of N such that N 1 > βN 2 .
Proposition 1 implies that the ratiod su (a,ã)/d su (c,c) is bounded by a constant C 2 independently of D (and N ). We are ready to proceed with the main estimate.
where γ = β/β + 2 so that N 1 ≥ γ (N 1 + 2N 2 ) . The last expression goes to zero as D → ∞, N → ∞. Thus W wu is not Lipschitz.
Proof of Lemma 4. Obviously W wu being Lipschitz implies transverse absolute continuity property and hence absolute continuity. We have to establish the other implication.
Assume that W wu is absolutely continuous in the sense of Definition 4. A priori, conditional densities are only L 1 -functions. Our goal is to show that the densities are continuous. Moreover, for m almost every x the density ρ x (y) on a plaque P wu satisfies the equation
where D 
Sequences {∆ n (y)}, y ∈ Y , converge weakly to m. Hence µ n converges to m as well. Notice that
In case when Y is a plaque of W wu the letter expression is known to converge to a measure with absolutely continuous conditional densities on W wu that satisfy (2). This was established in [PS83] in the context of u-Gibbs measures, however the proof works equally well for any uniformly expanding foliation such as W wu . For arbitrary measurable Y same conclusion holds. One needs to use Lebesgue density argument to reduce the problem to the case when Y is a finite union of plaques.
Remark. The argument presented above can also be found in [BDV05] , Section 11.2.2, in the context of u-Gibbs measures.
Take a m-typical plaque P u whose boundaries are leaves of W wu and transversals T 1 and T 2 as shown on the Figure 2. Then plaque P u is foliated by the plaques P wu (x), x ∈ T 1 . As usual, denote by p : T 1 → T 2 the holonomy map. Lipschitz property of p will be established by comparing volumes of small rectangles R 1 and R 2 built on corresponding segments of T 1 and T 2 .
Denote by µ P u the conditional measure on P u . The conditional densities ρ x (·) of m on the plaques P wu (x), x ∈ T 1 , are the same as conditional densities with respect to µ P u .
Fix x, y ∈ T 1 and small ε > 0, ε ≪ m T1 ([x, y]). Build rectangles R 1 and R 2 on the segments [x, y] and [p(x), p(y)] so that m P wu (z) (R 1 ∩ P wu (z)) = m P wu (z) (R 2 ∩ P wu (z)) = ε for every z ∈ [x, y]. Then
whereμ is projection of µ P u on T 1 . These formulas together with uniform continuity of the conditional densities that is guaranteed by (2) imply that the ratio µ P u (R 1 )/µ P u (R 2 ) is bounded away from zero and infinity uniformly in x and y. Since µ P u has positive continuous density with respect to m P u the same conclusion
holds for m P u (R 1 )/m P u (R 2 ) and therefore also for
Appendix
Appendix is devoted to proofs of Propositions 1 and 2. Both proofs rely on simple growth arguments and a result of Brin, Burago and Ivanov. We will work on the universal cover R 3 and we will indicate this by using tilde sign for lifted objects. For example, the lift of foliation W f (b)). We iterate automorphism L and look at the asymptotic growth of the distance between these points. Obviously, distance between images of a and b grows as µ n , meanwhile distance between images of a and c, and images of b and c grows as λ n . Since conjugacyh f is C 0 -close to Id we have the same growth rates for the triplẽ h Proof of Proposition 2. We argue by contradiction. Assume that f ∈ U\V. Then for every periodic point x, λ su (x) =λ = λ.
